We review some results of our paper [3] on the "nonlinear quasifree approximation" to the many-body Schrödinger dynamics of Bose gases. In that paper, we derive, with the help of this approximation, the time-dependent Hartree-FockBogoliubov (HFB) equations, providing an approximate description of the dynamics of quantum fluctuations around a Bose-Einstein condensate and study properties of these equations.
Introduction
The Schrödinger equation is used to describe aspects of the dynamics of quantum systems as diverse as atoms, solids and stars. Although it has a very compact appearance and is easy to write down, understanding its solutions is fiendishly complicated as soon as more than two particles are involved. Hence, in order to be able to use quantum theory to derive interesting predictions concerning the behavior of physical systems, it is crucial to develop approximation techniques. The most powerful of these yield effective equations that provide fairly accurate descriptions of dynamical physical phenomena, yet are rather simple to handle.
One such technique that works especially well for large systems of identical particles is the self-consistent one-body approximation yielding equations known as the Hartree-and Hartree-Fock equations, which are used to describe systems of many interacting bosons and fermions, respectively, at zero as well as at positive densities and temperatures. Their generalizations, the Hartree-Fock-Bogolubov (HFB) and Bogolubov-de Gennes (BdG) equations, were developed to study properties of quantum fluids, such as Bose-Einstein condensation and superfluidity, for bosons, and superconductivity, for charged fermions forming Cooper pairs.
In [3] , we have proposed a simple algorithm for deriving such effective equations, the "quasifree approximation". 1 We have then applied it to derive the time-dependent extension of the Hartree-Fock-Bogoliubov (HFB) equations. Moreover, we have initiated a mathematical theory of these equations.
In this note, we review the results presented in [3] . First, we recall some features of the many-body problem. Subsequently, our main results are outlined and some proofs are sketched. In particular, we sketch the proof of the existence of solutions to the HFB equations given in the second version v2 of [3] which assumes stronger hypotheses than those in the first version v1 of [2] . In fact, there was an error in [2] (kindly pointed out to us by J. Sok) in the proof of one of the estimates needed in the proof of local wellposedness (see [2, Lemma E.1(2)]). In Section 6 we prove the required estimate but under a stronger condition on v (see Lemma 6.1). A proof under weaker conditions (similar to those in [2] ) will be given elsewhere.
Quantum-mechanical many-body problem
In quantum theory, the time evolution of the quantum state, ω t , of a many-body system is given by the von Neumann-Landau equation
where A is an arbitrary operator -an "observable" -belonging to the Weyl algebra, W, over Schwartz space, S(R d ), and H is the quantum Hamiltonian
Here, x and y denote points in physical space R d , h is the "one-particle hamiltonian" given by
is the potential of an external force acting on the particles, and ψ * (x) and ψ(x) are the operator-valued distributions, called the creation-and annihilation operators, satisfying, for Bose systems, the canonical commutation relations (CCR). The algebra W is generated by exponentials of the selfadjoint operators ψ(f ) + ψ * (f ), where f is an arbitrary test function in S(R d ). For details, see, e.g., [3, 7] .
Let W p,r (R d ) denote the standard Sobolev space over R d . We will require the following assumptions.
(i) The external potential V is infinitesimally bounded with respect to the Laplacian.
(ii) The pair potential v is infinitesimally −∆ -bounded and is even, v(x) = v(−x).
Conditions (i) and (ii) imply that, for systems of finitely many particles, the Hamiltonian H is well-defined on a dense domain in the bosonic Fock space F and self-adjoint on the domain of the operator H 0 := dx ψ * (x)(−∆)ψ(x); see [3] . In Section 5 we will use a stronger condition on v:
(ii') The pair potential v satisfies v ∈ W p,1 with p > d and v(x) = v(−x).
Quasifree approximation of the full dynamics
Perhaps the simplest general set of states of a quantum many-body systems consists of the quasifree states; see, e.g., [7] . 2 Quasifree states generalize the Hartree-and Hartree-Fock states, as has been first realized and used in [5] . They represent a non-abelian version of Gaussian measures. Our goal in this paper is to approximate the general many-body dynamics given in Eq. (1) by a dynamics that leaves the set of quasifree states invariant.
We denote the space of all states on the Weyl CCR algebra W by S and the subset of quasifree states by Q ⊆ S. (We will distinguish quasifree states, ω q ∈ Q, from general states, ω ∈ S, by adding a superscript "q".)
We propose to map the solution ω t of the von Neumann-Landau equation (1) with a quasifree initial condition ω t=0 = ω q 0 ∈ Q to a family, (ω q t ) t≥0 ∈ C 1 R + 0 ; Q , of quasifree states satisfying the equation
for all observables A which are linear or quadratic in the creation-and annihilation operators. We call the map ω t → ω q t , as determined by Eq. (3), the nonlinear quasifree approximation of equation (1) . 3 As shown below, this map determines the time-dependent generalization of the Hartree-Fock-Bogoliubov (HFB) equations.
We emphasize that, in contrast to the von Neumann-Landau equation (1), equation (3) is non-linear. Equation (3) turns out to be equivalent to the self-consistent equation
2 The notion of quasifree states was introduced in [18] ; see [7] and references therein. 3 As was mentioned above, this map is called "quasifree reduction" in [3] . There is another natural map (cf. [1] ) (see below) q : ω → ω q , defined by µ(ω q ) = µ(ω), where µ is the map from states to truncated expectations of linear or quadratic as the operator with expressions in creation-and annihilation operators:
For gauge-invariant states, i.e., states ω with ω[ψ(x)] = 0, ω[ψ(x) ψ(y)] = 0); a related map is called "quasifree reduction" in [16] .
where H hfb (ω q ) is an explicit quadratic Hamiltonian depending on the state ω q (see (17) , below).
In subsequent work [6] , the relation of the quasifree approximation (reduction) of [3] to the Dirac-Frenkel principle used to derive the Hartree-Fock equations has been clarified; (see [10, 12] for the original works and [15, 13] for a recent review and an application).
HFB equations and their properties
Recall that a quasifree state ω q is uniquely determined by the truncated expectations of linear and quadratic expressions in creation-and annihilation operators:
Let γ and σ denote the operators on L 2 (R d ) with integral kernels given by γ(x, y) and σ(x, y), respectively. It is obvious from definition (5) that
whereσ = CσC, and C is complex conjugation. More precisely, for any state ω, with the truncated expectations (φ, γ, σ) defined as in (5), we have
In the opposite direction, it was shown in [1, Lemmata 3.2-3.5] that, if (7) holds then there is a quasi-free state having these (φ, γ, σ) as its truncated expectations. (The positivity condition on Γ in (7) can be expressed directly in terms of γ and σ; see [4] .) The matrix operator in (7) is called "generalized one-particle density matrix". We will use (7) in proving the global existence for the HFB equations (see (31) of Section 5).
When evaluating the right side in Eq. (3) explicitly for monomials A ∈ A (2) , with
one arrives at a system of coupled nonlinear PDE's for (φ t , γ t , σ t ), the Hartree-FockBogoliubov (HFB) equations. Since quasifree states are uniquely determined by their truncated expectations (φ, γ, σ), the HFB equations are equivalent to equation (3) . They are stated explicitly in (11) - (13), below.
Remark 4.1. For states of systems of finitely many particles, such as gases used in BEC experiments in traps, φ t is square-integrable and γ t is a trace-class operator on L 2 (R d ). To study states of systems in an infinite volume with an infinite number of particles and finite particle density, one first replaces the one-particle space
, and then one would pass to the thermodynamic limit, Λ ր R d .
To state our results we must introduce appropriate function spaces. 
where H j are the standard Sobolev spaces
We will use the notation
for the Hamiltonian H given in Eq. (2), if and only if the triple (φ t , γ t , σ t ) = µ(ω q t ) ∈ X T of 1 st -and 2 nd -order truncated expectations of ω q t satisfies the time-dependent HartreeFock-Bogoliubov equations
where
, γ φ := γ + |φ φ| and σ φ := σ + |φ φ |, and
In these equations the operator k :
It is shown in [3] that, for all times t > 0, the r.h.s. of (11) - (13) determine an element in the space X 0 . Moreover, the quadratic HFB Hamiltonian, H hf b (ω q ), ω q ∈ X qf , in the self-consistent equation (4) is given by
where (φ, γ, σ) are the 1 st -and 2 nd -order truncated expectations in the state ω q . The operator H hf b (ω q ), ω q ∈ X qf , is a self-adjoint; see e.g. [9] . For the pair potential v(x, y) = gδ(x − y), the HFB equations in a somewhat different form have first appeared in the physics literature; see [11, 14, 17] and, for further discussion, [3] . Here are some key properties of (11) -(13) at a glance:
(A) Conservation of the total particle number: If ω q t ∈ X qf T solves Eq. (10) (or (4)) then the number of particles,
where N is the particle-number operator, is conserved. 
is conserved. Moreover, E is given explicitly by the expression Note that conservation of the total particle number is related to invariance of the Hamiltonian H under the transformation ψ ♯ → (e iθ ψ) ♯ , i.e., to U(1)-gauge invariance of the dynamics.
It is easy to verify that, under our assumptions, the operator in (17) and the energy functional in (20) are well defined. For example, for (φ, γ, σ) ∈ X 1 , we have that 
Proof. This follows from (10) for any operator A quadratic in creation-and annihilation operators, with [A, H] = 0.
It is in the proof of the part of Statement (D) concerning local existence that an error was made in [2] . In the next two sections we look into this problem more closely.
In [6] , the program outlined in this paper has been pursued for equations analogous to the HFB equations valid for fermions, namely the Bogolubov-de Gennes equations; see also [8] . For references to related work see [3, 8, 6 ].
Remark 4.4. The HFB equations for φ t , γ t and σ t stated in Theorem 4.2 can be reformulated in terms of φ t and the generalized one-particle density matrix Γ t = γt σt σt 1+γ t . It has been shown in [3] that the diagonalizing maps, U t , for Γ t are "symplectomorphisms" and that the equation of motion for Γ t is equivalent to an evolution equation for these symplectomorphisms. The latter property allows us (a) to give another proof of the conservation of energy without using the second quantization formalism;
(b) to express the energy functional E in terms of the diagonalizing maps U t and φ t and to interpret it as a Hamilton functional on an infinite-dimensional, affine, complex phase space;
(c) to show that the HFB equations are equivalent to the Hamiltonian equations of motion for (U t , φ t ); and (d) to relate the time-dependent HFB equations (12) -(13) to the time-independent HFB equations used in the physics literature.
Existence and Uniqueness of Solutions
We recall that, given a Banach space X, a function f ∈ C(X) continuous on X, and the infinitesimal generator −iA of a strongly continuous semigroup G(t) on X, a continuous function ρ : [0, T ) → X is called a mild solution of the equation
iff ρ t solves the fixed point equation in integral form (with the integral understood in the sense of Bochner)
We have the following result Theorem 5.1. Suppose that d ≤ 3, and let ρ 0 = (φ 0 , γ 0 , σ 0 ) ∈ X 1 . Suppose, furthermore, that the potentials V and v satisfy conditions (i) and (ii') of Section 2. Then the following hold:
(a) Existence and uniqueness of a local mild solution: There exists some T , with 0 < T ≤ ∞, such that the HBF equations (11)-(13) have a unique maximal mild solution
(b) Existence and uniqueness of a local classical solution: If ρ 0 ∈ X 3 , then
and ρ t satisfies the HBF equations (11)- (13) In [2] , we claimed this result under conditions similar to (i) and (ii) of Section 2, but a mistake infiltrated the proof of (a) (see Section 6) . Below, we sketch the main ideas of the proof of this theorem, and in Section 6 we give a correct proof of the estimate in question, but under the stronger conditions (i) and (ii'). A proof under conditions (i) and (ii) of Section 2 will be given elsewhere.
First, setting ρ := (φ, γ, σ) and separating the linear part, Aρ, from the non-linear part, f (ρ), we can write the HFB equations (11) to (13) in the form given in (22), with
where the operators h, k (and b -see below) are defined in (14) - (16), and with the non-linear part f := (f 1 , f 2 , f 3 ) given by
The proof of statement (a) is based on applying a standard fixed point argument to (23), (using the Picard-Lindelöf theorem). To this end we show that A generates a strongly continuous, uniformly bounded semigroup on X 1 , (in particular, that the map t → G(t) B(X 1 ) is bounded), and that f is locally Lipschitz.
To prove global existence, we use the fact that the kinetic energy operator
controls, and is controlled, by the Hamiltonian operator H introduced in (2) and the number operator N. More precisely, the following inequalities hold in the sense of quadratic forms.
where C ≡ C V,v < ∞ depends only on the external potential V and the pair potential v. Taking expectations of all the terms in (29) in the state ω q t we observe that, for an arbitrary positive integer k, there exists a universal constant C k < ∞ such that
The first inequality in (30) follows from the Jensen inequality while for the second one we have used that ω q t is quasifree. Hence, using conservation of the particle number ω 
which follows from the definitions in (5), see inequality (7). We thus conclude that the solution is global.
Remark 5.2. One can reformulate (4) as a fixed point problem (see [3] ) which suggests a possibility of proving the existence result directly for (4) without going to the truncated expectations of ω q .
6 Estimate of the operator k As was mentioned above, one of the key steps in the fixed-point argument used in the proof of statement (a) is to show that f is locally Lipschitz. Here one uses the estimate 
Since a(x, y) = v(x, y)σ(x, y) and
we use the Leibniz rule, ∂ x a(x, y) = (∂ x v(x, y))σ(x, y) + v(x, y)∂ xσ (x, y), to find that
where the norms without subindices are the operator norms for operators on L 2 (R 
for arbitrary s and p satisfying 
and similarly for the terms σk[σ] and γk[σ].
Proof. For k[σ]φ, we use Lemma 6.1 to find that
For k[σ]σ (and, similarly, for σk[σ]), the inequality
and Lemma 6.1 (see estimate (32)), as well as the bound σM L 2 ≤ σ H 1 σ (which follows from the definition of σ H 1 σ ) yield the second estimate in (36). To conclude we note that, for k[σ]γ (and, similarly, for γk[σ]), using Lemma 6.1 (see estimate (32)), we arrive at the inequality
where, recall, B is the space of bounded operators on L 2 (R d ). This completes the proof.
